We use a recently developed a priori theory of diffusion-limited aggregation (DLA) to compute multifractal dimensions and their fluctuations, using methods analogous to field theoretical resummations. There are two regimes, depending upon n, the number of particles in the DLA cluster, as well as on the multifractal moment q. In the strongly fluctuating regime quenched and annealed dimensions differ, while in the weakly fluctuating one they are identical. Our values for multifractal dimensions are in good agreement with numerical results. [S0031-9007(97) 
Diffusion-limited aggregation (DLA) is one of the most remarkable models for pattern formation [1] . This model generates complex and mysterious structures, which seem to be generated as well in natural systems in which growth is controlled by diffusive or Laplacian processes [2] . In the 15 years since this model was introduced by Witten and Sander, it has become a standard illustration, first of the ability of natural systems to produce fractal structures, and later of their ability to exhibit the more subtle phenomenon of "multifractality" [3] .
Theoretical work on DLA has concentrated on these fractal and multifractal properties. There has been considerable numerical study of these properties [4] [5] [6] [7] [8] , and some theoretical work as well, particularly aimed at computing the fractal dimension of DLA from first principles [9, 10] . There has been less success in computing multifractal dimensions from first principles, and very little work on the influence of fluctuations on these quantities, except at sites deep inside the cluster [11] .
DLA is a stochastic process-the random walk growth rule (reviewed below) generates, in principle, an ensemble of clusters at any particular size n. Anyone who has ever tried to simulate DLA has quickly realized that this ensemble is strongly fluctuating; almost any quantitative property of DLA must be averaged over a large number of clusters to obtain consistent results. In this Letter we compute multifractal dimensions for DLA and in the process uncover the nature of these fluctuations. We use a recently developed theory for DLA, which is based on an elementary process of branch competition or "screening" [12, 13] . There is a strong formal similarity between our procedure and field theoretical methods: We compute "multifractal partition functions" [3] as perturbation series of logarithmically divergent terms, which we reexponentiate to give finite results [14] .
Our surprising result is that there are two regimes of fluctuations for DLA as a function of the size of the cluster and the moment of the multifractal growth probability. In one regime the cluster does not self-average strongly enough to allow meaningful definition of the multifractal dimensions of a typical cluster. In the other regime multifractal quantities are much more narrowly distributed in the ensemble.
In the DLA growth rule, a random walker is introduced at a large distance from the n particle cluster, and it sticks irreversibly at its point of first contact with the cluster, thereby forming the n 1 1 particle cluster. Clusters grown in this way exhibit an intricate branched structure in which prominent branches screen internal regions of the cluster, preventing them from growing further. The scaling of the radius of the cluster with the number of particles determines the fractal dimension D of the cluster; we are here concerned with the multifractal dimensions, defined in terms of the growth probabilities ͕p i ͖, which are the probabilities for a given cluster that the next walker will attach at the ith current particle. For a single multifractal object, the dimension s͑q͒ is defined by P n i1 p q i~n 2s͑q͒ with s͑q͒ a nontrivial function of q whose independence of n defines the multifractal property. s͑q͒ obeys s͑0͒ 21 and s͑1͒ 0.
Since DLA is a stochastic process, for any number of particles n there exists an ensemble of clusters, each with a certain probability of appearing. Thus one should properly define s by an ensemble average. By analogy with statistical mechanics, we define quenched and annealed dimensions s Q,A ͑q͒ in the limit n°!b
where the brackets ͗?͘ represent the ensemble average. The annealed dimensions will be more sensitive to rare members of the ensemble with unusual values of P i p q i , therefore we expect the quenched dimensions to be more characteristic of typical members of the ensemble. The annealed dimensions satisfy s A ͑q 3͒ 1 for DLA 0031-9007͞ 97͞78(9)͞1719(4)$10.00in two dimensions [13] , while we expect both types of dimensions to satisfy ds Q,A ͞dq͑q 1͒ D 21 [14] . The sums on the left-hand sides of Eqs. (1) and (2) are proportional to the multifractal partition function for DLA (defined below); in this Letter we present systematic approaches to the computation of quenched and annealed averages of these partition functions, and of their fluctuations.
The branched growth model for DLA is based upon a quantitative analysis of the competition between neighboring branches (indexed by 1, 2) that join at a particular node [12] . Let the number of particles of branches 1 and 2 be n 1 , n 2 , and their total growth probability be p 1 , p 2 . Defining parameters x, y by x p 1 ͑͞p 1 1 p 2 ͒ and y n 1 ͑͞n 1 1 n 2 ͒, we write equations of motion ᠨ y x 2 y and ᠨ x G͑x, y͒ where the dot denotes differentiation with respect to log͑n 1 1 n 2 ͒, and the function G͑x, y͒ has been computed theoretically by a renormalization procedure in two dimensions [13] . Solving these ordinary differential equations for x, y, one generates a universal competition dynamics for these two branches in the space of their relative growth probabilities and masses ͑x, y͒. This competition dynamics is symmetrical about an unstable fixed point at ͑x, y͒ ͑ 1 2 , 1 2 ͒; as the numbers of particles n 1 1 n 2 in the two branches increase, ͑x, y͒ flows to a stable fixed point at either ͑0, 0͒ or at ͑1, 1͒. The initial position of these two branches in this space is determined by their environment when a tip-splitting event first creates the branch pair; this introduces an underlying stochasticity into the branched growth model. This stochasticity is parameterized by a random variable e, specified independently at each node or branching point of the cluster. This variable is defined so that, introducing a new parameter h e͑n 1 1 n 2 ͒, the branch competition determines trajectories x͑h͒, y͑h͒ which are functions of h alone; these trajectories form the unstable manifold of the dynamics defined in the preceding paragraph. For simplicity we choose x, y so that lim h°!`x ͑h͒, y͑h͒ 0; thus for n 1 1 n 2 large ͑x, y͒ refers to the weak member of the branch pair, and ͑1 2 x, 1 2 y͒ to the strong member. A knowledge of the random variable at each node, and of the number of particles in the entire cluster, is sufficient to determine recursively the particle numbers and growth probabilities of each end branch within the cluster. It is convenient to then define the multifractal partition function Z ͑q, s; n͒ by
where the sum is over the end branches B of the cluster and the product is over all of the nodes N ͑B͒ separating a particular end branch B from the root of the cluster, taking the upper factor on the right-hand side if a weak branch is chosen at N ͑B ͒, and the lower factor if a strong branch is chosen. Note that x, y at a node are functions of all random variables between that node and the root of the cluster, due to the dependence of their argument h upon n 1 1 n 2 at that node. Multifractal dimensions s Q,A can then be defined using averaging over the stochastic variables ͕e͖ by ͗log Z ͑q, s Q ͑q͒; n͘ 0 and by ͗Z͑q, s A ͑q͒; n͘ 1 [12] . Let us compute the quenched average,
whose first term is, in fact, the annealed average.
Consider the main branch of the cluster, defined by starting at the root and always taking the stronger of the two competing branches at every node in this branch. Let us index these main branch nodes by j, and write r͑e j ͒ for the probability distribution of the random variable e j characterizing the jth node, and n j for the total number of particles below that node. The multiplicative nature of the y parameters implies the (unaveraged) identity log n 2 X j log͓1 2 y͑e j n j ͔͒ ,
since the number of particles in the end branch at the bottom of the main branch is ϳ1. Consider the first term ͗Z 2 1͘ in the expansion Eq. (4) of ͗log Z͘. At first order in f, g there are two types of contribution to ͗Z 2 1͘. The first arises from branches off of the main line, and since these contributions include one factor of f, they may not include any factor of g. Second, there are contributions from the dangling branch at the end of the main branch; these will include no factors of f, but at first order will include one g from any node on the main branch. We thus obtain
where the subscript 1 indicates the first order contribution. For large n, the averages are dominated by small e, for which r͑e͒ ഠ r 0 e n21 , with n a scaling exponent related to the competition trajectory (also n D 21 ) and r 0 a constant [12] . Since lim h°!`f , g 0, by homogeneity we can rescale the above equation to
where we use the notation ͗͗F͑h͒͘͘ ϵ R0 dh h n21 F͑h͒. Averaging Eq. (5) and repeating this same calculation, we arrive again at Eq. (6), but with f 1 g replaced by 2 log͑1 2 y͒. Substituting, we obtain the simple result
where c ϵ f 1 g. Comparing to Eqs. (2) and (3), we see that
implicitly determines, at this order, the annealed dimensions s A ͑q͒. Actually, Eq. (8) determines the annealed dimensions to all orders in f, g [12] . We can continue the calculation for the quenched dimensions order by order in f and g. As in Eqs. (5) and (7), each sum over nodes yields an extra power of log n, and the resulting expression for ͗log Z͘ is a power series of the form
where the coefficients b N,M can be written in terms of various averages ͗͗?͘͘ and are of order N in f, g. Thus Eq. (7) gives b 1,1 . The full resummation of these divergent logarithms, to obtain a form consistent with Eq. (1), is a daunting task. However, we have resummed the leading series ͗log Z ͘ ᐉ P N$1 b N,N log N n and the sub-leading series ͗log Z ͘ sᐉ P N$2 b N,N21 log N21 n. Defining l ϵ 2͗͗log͑1 2 y͒͘͘ 21 and l 0 ϵ l 2 ͗͗log 2 ͑1 2 y͒͘͘͞2, we find the reexponentiated results
͗log Z ͘ sᐉ l͗͗c͘͘A͑q, s͒ log n
where A͑q, s͒ l͗͗g log͑1 2 y͒͘͘ 1 l͗͗ f log y͘͘ 1 l 0 ͗͗c͘͘ ,
The infinite logarithmic series of Eq. (9) has been partially resummed to give a logarithm, a constant, and a declining power law in n [14] . As n°!`, the logarithmic divergence in Eqs. (10) and (11) will dominate, as expected from Eq. (1). Computing ͗Z ͘, we find that to this order,
The criterion ͗͗c͓q, s Q ͑q͔͒͘͘ 0 thus gives the quenched dimensions in this limit, and asymptotically the quenched dimensions are identical to the annealed dimensions. However, this reasoning is simplistic: From the definition of f͑h͒, it can be shown that ͗͗ f͘͘ ϳ e 2aq , with a a positive constant; lim q°!`͗ ͗ f͘͘ 0. Thus the second term in Eq. (11) will contribute a logarithm in n for sufficiently large q or small n. Let us call the region in q 2 n space in which n & n ‫ء‬ ͑q͒ ϳ exp͑e aq ͒ region I; its complement n * n ‫ء‬ ͑q͒ we term region II. Clearly, for any sizable value of q, n ‫ء‬ ͑q͒ will be an enormous number. In region I, we have 1 2 n 22l͗͗ f͘͘ ഠ 2l͗͗ f͘͘ log n. Thus, comparing Eqs. (10) and (11) to the definitions Eqs. (1) and (3), we see that the "apparent" quenched multifractal dimensions, which we indicate by s P ͑q͒, will be determined implicitly (at sub-leading order) by
In region II, Eq. (12) implies that s P ͑q͒ and s A ͑q͒ [given by Eq. (8)] coincide. For fixed q, the existence of two distinct scaling regimes in n for the quenched dimensions implies that typical DLA clusters are, in a subtle sense, not multifractal at all. Using the computed trajectories x͑h͒, y͑h͒ for DLA from Ref. [13] , as well as Eqs. (8) and (13), we obtained the results for the apparent and annealed dimensions displayed in Table I . There are three regimes of q in these results. For q & 3, the left-hand side of Eq. (13) is dominated by the first term ͗͗c͘͘. In this region, the apparent dimensions s P ͑q͒ are virtually identical to the annealed (or true quenched) dimensions s A ͑q͒. However, for 3 & q & 5, the s P ͑q͒ differ significantly from the s A ͑q͒. Finally, for q * 5, the sub-sub leading corrections in Eq. (9) become significant, and Eq. (13) no longer gives an accurate result for the apparent dimensions. Our theoretical results are in good agreement with numerical results from a variety of groups [5] [6] [7] [8] .
We can use the same techniques to study the fluctuations of the multifractal partition function. Consider the cumulant ͗log 2 Z ͘ c ͗log 2 Z ͘ 2 ͗log Z ͘ 2 . We find the following results for the leading divergent and sub-leading contributions to this quantity:
Thus we find that to sub-leading order, ͗log 2 Z͘ cl og n for n & n ‫ء‬ ͑q͒, and ͗log 2 Z ͘ c ഠ const for n * n ‫ء‬ ͑q͒. Extending the behavior for ͗log Z͘ and ͗log 2 Z ͘ c , we expect that all cumulants of log Z obey similar statistics,
Following the pattern established by the first two cumulants, the first contribution to a p or a 0 p in general will appear in the sub ͑ p21͒ -leading series, which is defined by P N$p B N,N2p11 log N11 n, from Eq. (9). The region I behavior is similar to that of cumulants of free energies for thermodynamical systems [16] , if one regards log n as an extensive variable. Since s P . s A in this region, ͗Z͘ ¿ exp͑͗log Z͒͘, as usual for disordered systems [16] . The behavior in region II is consistent with the existence of a probability distribution for log Z 2 ͗log Z͘, which is asymptotically independent of n [17] . Note that the normalized fluctuations ͗log 2 Z͘ c ͗͞log Z͘ 2~͑ log n͒ 2a with a 1 (region I) or 2 (region II); thus this quantity self-averages [18] , but quite weakly. The variance of the partition function Z is given to sub-leading order by ͗Z 2 ͘ c ͗͞Z͘ 2 ͗log 2 Z ͘ c , and Eq. (15) implies that the partition function does not self-average as n°!`.
To summarize, we have presented in outline a calculation of the quenched and annealed multifractal dimensions of an a priori theory of DLA, combining the theoretical result for branch competition trajectories derived in Ref. [13] with resummation results [Eqs. (10) and (11)]. We have found two regimes of behavior for these dimensions, separated by a critical value n ‫ء‬ ͑q͒. In practice, for q * 3, we expect that n ‫ء‬ ͑q͒ will be so enormous as to be unattainable; thus these two regimes are separated by a wall at q ഠ 3. They also correspond to different behaviors of the fluctuations of the multifractal free energy log Z , as given in Eq. (16) . This equation constitutes a testable prediction for the fluctuations of DLA clusters, and the coefficients a 2 and a 0 2 are given by Eq. (15) (see Table I ).
Our method exposes thought-provoking similarities between the structure of the branched growth model and conventional field theories. It remains to be seen if this model is amenable to exact solution, e.g., by a full resummation. For a comprehensive theory of DLA, we would also need to expand the renormalization method of Ref. [13] into a complete theory of branch interactions. (13); numerical results for s from (a) Ref. [5] , ( b) Ref. [6] , (c) Ref. [7] , and (d ) Ref. [8] ; and cumulant parameters a 2 , a 0 2 from Eqs. (15) and (16) ; all as functions of q. We have converted t͑q͒ from Refs. [5 -8] to s t͞D. Note that for q . 3 the best agreement is with the apparent dimensions s P , while for q . 5 the agreement deteriorates, indicating the importance of subsub leading corrections in this region. We have shown a 2 in region I and a 0 2 in region II. Although a 2 , a 0 2 are independent of s, this independence is masked by our expansion procedure 14. We have computed Eq. (15) 
